Vibrations of micro/nanobeams that are subjected to initial stresses due to mismatch between different materials or thermal stresses are important in some devices. The present study is an attempt to present nonlinear free vibration of simply supported size-dependent functionally graded (FG) nanobeams resting on elastic foundation and under precompressive axial force. It is assumed that the material properties of FG materials are graded in the thickness direction. The partial differential equation of motion, which is simplified into an ordinary differential equation using the Galerkin method, is derived based on Euler-Bernoulli beam theory, von Karman geometric nonlinearity, and Eringen's nonlocal elasticity theory. The final ordinary differential equation is solved using the variational iteration method. The effects of geometrical parameters, small-scale parameter, elastic coefficient of foundation, precompressive axial force, and neutral axis location on dimensionless nonlinear natural frequencies are investigated. In this study, the buckling and postbuckling behavior of FG nanobeams and the effect of neutral axis location on buckling behavior are investigated as well. Results show that the effects of small scale on FG nanobeam frequencies change with the aspect ratio, the values of radius of gyration, and the values of compressive axial force. It is also found that the influence of neutral axis location on the nonlinear fundamental frequency of prestressed FG nanobeams is more than that of prestressed FG nanobeams resting on elastic foundation.
Introduction
Recently, functionally graded (FG) material thin beams have been used in microscale or nanoscale devices and systems, such as micro/nanoelectromechanical systems and atomic microscopes, because of the FG material advantages, including improved stress distribution, higher fracture toughness, and enhanced thermal resistance [1, 2] . The importance of incorporating the size effect into continuum mechanics, to investigate the mechanical behavior of microscale or nanoscale devices, is well known, and higher-order continuum theories that contain additional material constants have been developed to this end [3, 4] .
Mindlin [5] developed a theory of elasticity with microstructure in which strain energy was considered as a function of macroscopic strain, microscopic deformation, the difference between macroscopic and microscopic deformation, and the gradient of the microscopic deformation [5] . In this theory, the strain energy contains 16 constitutive coefficients in addition to Lame's constants. Mindlin also simplified this theory and introduced three new versions that differed in the assumed relation between the microscopic deformation gradient and the macroscopic displacement. Mindlin's simplified theory, in which strain energy is only a function of first-order gradient of strain tensor, contains five new constants as well as Lame's constants for an isotropic linear elastic material [6] . It can be shown that these five new constants can be grouped in two new constants [4] . In this way, the number of new material constants is reduced from 5 to 2 [4] . Based on Aifantis's studies in plasticity and nonlinear elasticity, Aifantis and his coworkers proposed another gradient elasticity theory with one internal length [4] . The constitutive equation of this theory is a function of strain and Laplacian of strain.
It can be shown that the simplified Mindlin's theory can be converted to Aifantis gradient elasticity theory if two new material constants of Mindlin's theory are taken equal to each other [7] .
Based on Mindlin's strain gradient theory, a modified strain gradient theory, in which three new length scale parameters were introduced for isotropic linear elastic materials, was proposed [8] . In this theory, the total deformation energy density is independent of the antisymmetric rotation gradient tensor and it is only a function of the symmetric strain tensor, the dilatation gradient vector, the deviatoric stretch gradient tensor, and the symmetric rotation gradient tensor [8] .
The other well-known higher-order continuum theories are classical couple stress theory [9] with two material length scale parameters for an isotropic elastic material and the modified couple stress theory [10] , whose modified constitutive equation contains only a new length scale parameter.
It can be shown that the modified couple stress theory is a special case of the modified strain gradient elasticity theory if two of the three material length scale parameters of modified strain gradient theory are taken equal to zero [11] .
Eringen's theory belongs to integral-type nonlocality, where volume averages of state variables are computed [4] , although Eringen has formulated another theory of nonlocal elasticity in which the integrals are replaced by gradients. In this earlier theory, there is only one length scale parameter and the constitutive equation of this theory is expressed based on the nonlocal stress tensor and Laplacian stress tensor [4] .
Askes et al. [12] showed that Aifantis's theory could be rewritten based on the stress gradients that also appear in Eringen's nonlocal elasticity theory. It is worth to mention that the difference between Eringen's theory and Aifantis's theory appears in the format of the balance of momentum equations [13] , which are expressed in terms of the divergence of nonlocal stress tensor and local stress tensor in Eringen's theory and Aifantis's theory, respectively [13] . Therefore, equilibrium equations in Eringen's theory and Aifantis's theory are coupled and uncoupled, respectively. The fact that the reducible form of the Aifantis model is a set of uncoupled equations makes Aifantis theory more suitable for finite element model analysis [13] .
Nowadays, the study of the mechanical behavior of FG micro/nanobeams based on Eringen's nonlocal elasticity theory has been noted. Eltaher et al. [14, 15] studied free vibration and static stability of FG nanobeams based on nonlocal continuum and finite element method. The effect of neutral axis location on linear natural frequencies of FG macro/nanobeams was investigated by Eltaher et al. [16] as well. Simsec and Yurtcu [17] modeled the static bending and buckling of FG nanobeams based on nonlocal Euler-Bernoulli and Timoshenko beam theories. The force vibration of FG nanobeams was presented by Uymaz [18] using generalized beam theory and the nonlocal elasticity. All researchers mentioned above showed the important role of nonlocal parameter value on the static and dynamic responses of FG nanobeams. Kiani [19] proposed a mathematical model to investigate the vibration and instability of moving FG nanobeams based on nonlocal Rayleigh beam theory. The consequences of his studies indicated that the effect of small-scale parameter on the frequency depends on the order of the mode and the velocity of the moving FG nanobeam [19] . The nonlinear free vibration of FG nanobeams was studied by Nazemnezhad and Hosseini-Hashemi [20] based on nonlocal Euler-Bernoulli beam theory and multiple scale method. They showed that the nonlinear frequency ratios vary with gradient index [20] .
The vibration of nanobeams is an important topic in some nanodevices such as oscillators, clocks, sensors, and nanomotors. On the contrary, vibrating nanobeams may be under compressive axial force due to the mismatch between different materials or a rise in temperature. Therefore, this article aims at investigating the postbuckling behavior and nonlinear free vibration of prestressed FG nanobeams resting on elastic foundation based on nonlocal Euler-Bernoulli beam theory. In this work, the effect of neutral axis location on dimensionless nonlinear natural frequencies and the postbuckling behavior of FG nanobeams are investigated as well, and it is found that the influence of neutral axis location on the nonlinear fundamental frequency of prestressed FG nanobeams is more than that of prestressed FG nanobeams resting on elastic foundation.
Analysis and methodology

Nonlinear vibration
Using Hamilton's principle, the equations of motion of a simply supported FG nanobeam with length L, width b, and thickness h and immovable ends can be derived. It is assumed that in-plane inertia is negligible [20, 21] . However, the effect of rotary inertia is considered in lateral vibration:
where W = W(x, t) is the transverse displacement of the midplane of the beam element, ρ is mass density, and k is the stiffness of elastic foundation. On the contrary, based on Euler-Bernoulli hypothesis and von Karman-type geometrical nonlinearity, strain displacement relationship is
where u 1 is the total displacement along the x-direction given by Eq. (4):
where u is an axial displacement of the midplane of the beam element. Based on Eringen's nonlocal elasticity, the stress-strain relationship is
where e 0 a is a material length scale parameter that contains material constant and internal characteristic length. On the contrary, the resultant axial force and resultant moment are , -
From Eqs. (3), (5), and (6), one can obtain the stress resultants: 
where H is defined by Eq. (11):
On the contrary, based on Eqs. (1) and (7), one can find a relationship between axial force N and displacement components of the midplane of FG beam (W and u) as follows:
Integrating Eq. (12a) yields
Upon Emam and Nayfeh's work [21] , the boundary values of the axial displacement of nanobeams can be obtained based on the boundary conditions of nanobeams before transverse vibration:
where P may be the axial force due to the mismatch between different materials.
Substituting for boundary conditions from Eq. (13) into Eq. (12c), one can obtain the relationship between axial force N, precompressive axial force P, and transverse displacement of the midplane of nanobeams.
The governing equation of nonlinear free lateral vibration of FG nanobeams under precompressive axial force is obtained by substituting for N from Eq. (14) into Eq. (10).
To simplify the parametric studies, the following dimensionless variables are defined [21] :
( )
Then, the governing partial deferential equation of motion changes to 
If the small-scale parameter (e 0 a) in Eq. (16) approaches zero, Eq. (16) tends to the well-known local equation of nonlinear lateral vibration of FG beams, which is obtained and used in some papers [22, 23] .
To reduce the partial differential Eq. (16) to an ordinary differential equation, the transverse displacement of simply supported FG nanobeams is estimated by 1 2 ( ) ( )
where W 1 (x) is defined by Eq (19):
where m is the half-wavelength number. By substituting for W ̅ from Eq. (18) into Eq. (16), the governing ordinary differential equation of FG nanobeams is obtained:
To solve Eq. (20), the variational iteration method [24] is used. Based on this method, W ̅ 2 (t ̅ ) is estimated by ( 1) () ( )
s f w s ds
and the initial conditions are
where A is a dimensionless parameter (A = a/r, where a is the amplitude of the initial deformation sin
beams and r is the radius of gyration I r bh
The iteration formula (22) for n = 0 becomes
It is known that secular terms should not appear in the next iteration, so the coefficient of cos(Ωt) into Eq. (26b) must be zero. Therefore,
Substituting Eq. (26) into Eq. (23b), one can find the equation for f(w 1 ). The result of avoiding the presence of a secular term in f(w 1 ) formula is the second-order approximation of frequency:
Based on Eq. (28), the dimensionless nonlinear frequency of FG nanobeams (ω NL ) is found.
Buckling and postbuckling behavior
By ignoring the inertia effect from Eq. (20) , one can obtain the governing equation of buckling behavior of FG nanobeams as follows: 
Based on Eq. (30), one can rewrite Eq. (29) as follows:
Effect of neutral axis location
To consider the exact location of the neutral plane of FG nanobeams in deriving constitutive equations and to evaluate its effect on the predicted buckling behavior and natural frequencies of FG nanobeams, Eqs. (4) and (6) are changed as follows:
where z 0 is obtained based on the physical concept of the neutral surface of FG beams as follows [16] :
Then, the governing equations of the buckling behavior and nonlinear vibration of FG nanobeams, Eqs. (20) and (31), change to )   where 2  2  2  2  0  2  2  2  2  2   2  2  2  4  1  0   2  4  4  2  2  0   2  2  2  4  0  3 2
Numerical results
The material properties used in the parametric study of the buckling behavior and linear and nonlinear lateral vibration of FG nanobeams are E c = E 1 = 393 GPa, ρ c = ρ 1 = 3960 kg/m 3 (for alumina) and E m = E 2 = 70 GPa, ρ m = ρ 2 = 2700 kg/m 3 (for aluminum). It must be mentioned that all researchers who worked on the size-dependent mechanical behavior of FG nanobeams based on the nonlocal elasticity method investigated the effect of the small-scale parameter on the mechanical behavior of FG nanobeams by changing the value of the small-scale parameter [15, 16, 18, 20] . Eltaher et al. [15, 16] changed the value of small scale [(e 0 a) 2 ] from zero to 5 × 10 -12 m when they studied bending, buckling, and the effect of neutral axis location on the linear natural frequencies of FG nanobeams, whereas Uymaz [18] and Nazemnezhad and Hosseini-Hashemi [20] used the values from 0 to 4 nm. In the parametric studies of this work, small scale [(e 0 a)] is taken to be equal to a fraction of h to investigate the effect of small scale on the buckling and vibration behavior of FG nanobeams.
Buckling and postbuckling of FG nanobeams
Before studying the effects of different parameters on the critical buckling force of FG nanobeams, the accuracy of the results must be verified. For this purpose, the dimensionless critical buckling loads of FG nanobeams are compared with data existing in Ref. [17] . This comparison is shown in Table 1 . The material properties used in this comparison can be found in Ref. [17] . Based on Table 1 , it is concluded that present buckling loads are in excellent agreement with the solutions in Ref. [17] .
Based on Eq. (30) and/or Eq. (34a), one can conclude that the buckling mode shape of free FG nanobeam (i.e. when k is zero) is half of a sine wave and the value of aspect ratio cannot affect it, whereas the existence of elastic foundation can vary the buckling mode shape corresponding to the critical buckling force of FG nanobeam. Figure 1A clearly shows that the value of aspect ratio is an effective parameter on the buckling mode shape of nanobeams resting on elastic foundation. Based on Figure 1A , the FG nanobeam buckles into more and more half-waves as the aspect ratio increases. Contrary to the free FG nanobeams (i.e. when k is zero) whose load-bearing capacity decreases and tends to zero as the aspect ratio increases, the load-bearing capacity of FG nanobeams resting on elastic foundation fluctuates with the increasing aspect ratio, although the load-bearing capacity vs. aspect ratio curves gets flatter.
The effects of small scale value on the critical buckling force and mode shape of FG nanobeams are shown in Figure 1A as well. An increase in the small scale value not only decreases the predicted critical buckling force but also can change the buckling shape.
The effects of stiffness of elastic foundation and small-scale parameter on the critical buckling force of FG nanobeams are shown in Figure 1B . As expected, with an increase in the stiffness of elastic foundation, not only does the load-bearing capacity of FG nanobeams increases but also the effect of small scale on the decrease of the critical buckling force increases. Figure 2 illustrates the effect of small-scale e 0 a on the postbuckling behavior of FG nanobeams that have the same similar geometrical conditions and are under the same axial force. As expected, no buckling is possible until the compressive load reaches its critical value 14 and there are two possible equilibrium paths for buckling deformation if the values of compressive load are more than the critical load. As seen, an increase in the smallscale parameter decreases the load-bearing capacity and increases the maximum value of the lateral deflection of FG nanobeams.
To investigate the influence of power law index (n) on the lateral deflection of FG nanobeams, the transverse deflections of FG nanobeams vs. distance along FG nanobeams are drawn in Figure 3 . As mentioned before, when k is zero, the buckling mode shape of FG nanobeam is half of a sine wave (see Figure 3) . As expected, with an increase in the percentage of the softer material (Al), the maximum value of lateral deflection increases. It should be noted that a fixed axial load is exerted to all FG nanobeams in Figure 3 .
The effect of neutral axis position on the postbuckling configuration of FG nanobeams is shown in Figure 4 . This figure clearly shows that, unlike the homogeneous and isotropic nanobeams (n is zero), the possible buckling deformations of which are only different in sign and the possible buckling deformations of FG nanobeams (n is not zero) can be different in both value and sign due to ignoring the exact location of the neutral plane of FG nanobeams when the equations are derived. As seen, the values of k (compare Figure 4A and B) , n (compare Figure 4B and  C) , and e 0 a (compare Figure 4C and D) affect the difference between postbuckling shapes that are predicted with and without the correct neutral axis location.
Linear and nonlinear free vibration of FG nanobeams
According to Eq. (20) 
where ω L is the dimensionless linear natural frequency. The geometrical and material properties of nonlocal FG beam used in Ref. [14] are used to compare the presented linear natural frequencies of FG nanobeam with existing data available in Ref. [14] . To compare the results, the dimensionless frequency formula used by Ref. [14] has been employed.
The first three natural frequencies of vibrating FG nanobeams whose power law index and small-scale parameter are 0.1 and 10 -12 (2e-12m), respectively, as reported by Eltaher et al. [14] , are 8.7806 (8.4109), 31.1568 (27.5048), and 60.2507 (49.6806), respectively. In this study, these three frequencies are 8.7752 (8.4058), 31.1493 (27.4996), and 60.2228 (49.6640), respectively. The first three natural frequencies of FG nanobeam of which the power law index is 0.2 or 0.5 can be found in Eltaher et al.'s study [14] as well. For these FG nanobeams, the maximum percentage difference between the presented results and the reported data by Eltaher et al. [14] is approximately -0.6667. As seen, there is a good agreement between the results.
To verify the accuracy of the obtained nonlinear frequencies, the presented results are compared with the existing data available in Refs. [20, 25] (see Table 2 ). It must be mentioned that the second-order approximation of the variational method is used to estimate nonlinear frequencies. As seen, there is a good agreement between the results, especially with those given in Ref. [25] .
The study of the linear free vibration of FG nanobeams shows that although the stiffness of elastic foundation has a significant effect on the dimensionless fundamental frequency (the smallest natural frequency) of FG nanobeams, their mode shapes will not vary if the preaxial compressive force is not large enough ( Figure 5 ). Figure 5A shows the fundamental mode shape of a FG nanobeam either resting or not on an elastic foundation is half of a sine wave (m = 1). Interestingly, an increase in the number of half-wavelengths decreases the effect of the stiffness of elastic foundation on the dimensionless linear frequency of FG nanobeams. Figure 6 clearly reveals that the existence of axial compressive load changes the effect of small scale on the predicted fundamental frequency of FG nanobeams. As seen in Figure 6A , when the axial force is zero, with an increase in the small scale, the fundamental frequency decreases, although an increase in the aspect ratio decreases the effect of small scale. However, when the axial force is not zero ( Figure 6B ), a rise in small scale leads to an increase in the predicted fundamental frequency. It must be added that the effect of small scale on higher frequencies is more than the lower ones, although, with an increase in the aspect ratio, the effect of small-scale parameter loses its importance. The percentages of computational errors due to ignoring the precise location of the neutral axis on the predicted linear fundamental natural frequency of FG nanobeams are listed in Table 3 . The following formula is used to calculate this error:
As expected, with a decrease in the difference between the central and the neutral axes, this computational error decreases. Table 3 clearly reveals that the values of small scale, power law index, and compressive axial force do not significantly affect this computational error. The effect of existence of an elastic foundation on this error is seen in Table 3 as well. As seen, the error grows when FG nanobeams resting on elastic foundation are under compressive axial force and the value of small scale does not influence it. Figure 7 indicates how the aspect ratio (L/h), stiffness of elastic foundation (k), and small-scale parameter (e 0 a) change the nonlinear to linear frequency (ω NL /ω L ) of FG nanobeams with an increase in the number of half-wavelength (m). It seems that, at small and median values of m, the impact of aspect ratio on ω NL /ω L is more, and with increasing the aspect ratio, ω NL /ω L decreases ( Figure 7A ). As seen, an increase in the stiffness of elastic foundation decreases ω NL /ω L ( Figure 7B ). On the contrary, at large values of m, the stiffness of elastic foundation loses its importance. The study of the effect of small scale (e 0 a) on ω NL /ω L shows that, with an increase in the value of m, the importance of small scale grows ( Figure 7C ). Figure 7D clearly reveals that, with an increase in m and approaching its value to the fundamental mode shape, the effect of P on ω NL /ω L increases. It is because of tending linear frequency to zero when compressive axial force approaches to critical buckling force, although an increase in precompressive axial force (P) reduces fundamental nonlinear frequencies (ω̅ NL ).
On the contrary, the values of compressive axial force affect the relationship between nonlinear to linear Table 3 : Percentage of computational error due to lack of consideration of the precise location of the neutral axis in FG nanobeams. The impact of the radius of gyration (r) on nonlinear to linear fundamental frequency (ω̅ NL /ω̅ L ) with different values of small-scale parameter is shown in Figure 9 . As seen, at small value of radius gyration, the effect of small scale on ω̅ NL /ω̅ L completely depends on the value of the radius of gyration, and with an increase in the radius of gyration, ω̅ NL /ω̅ L decreases when small scale increases.
The percentage of computational errors due to ignoring the precise location of the neutral axis on the predicted nonlinear fundamental natural frequency of FG nanobeams are listed in Table 4 . The following formula is used to calculate this error:
As mentioned before, a decrease in the difference between the central and the neutral axes reduces this computational error. Table 4 explicitly reveals that computational error due to ignoring the neutral axis location grows with an increase in compressive axial force, although the values of small scale do not significantly affect it. The effect of existence of an elastic foundation on this computational error is seen as well. As seen, this error grows when FG nanobeams resting on elastic foundation are under compressive axial force and the value of small scale does not influence it. It is clearly concluded that the effect of neutral axis location on the nonlinear fundamental frequency of FG nanobeams under compressive axial force is more than the FG nanobeams resting on elastic foundation and under compressive axial force.
Conclusion
In this study, based on the second-order approximation of variational method and nonlocal Euler-Bernoulli beam fundamental frequency (ω̅ NL /ω̅ L ) and small-scale parameter significantly (see Figure 8A ). As seen in Figure 8A , with a decrease in compressive axial force, the small scale loses its importance. To investigate the influence of the amplitude of the initial deformation (A) on the difference between linear and nonlinear fundamental frequencies, the value of A is varied from 0 to 2. Results show that, regardless of the value of axial force and small-scale parameter, the difference between linear and nonlinear fundamental frequencies will be zero if the amplitude of the initial deformation (A) is set to zero (see Figure 8B) . With a rise in the amplitude of initial deformation, the difference between linear and nonlinear fundamental frequencies increases and the value of compressive axial force significantly affects it (see Figure 8B ). The effect of initial deformation (combination of A and m at t = 0) on ω NL /ω L is demonstrated in Figure 8B as well. On one hand, with an increase in the value of A, ω NL /ω L grows, and on the other hand, at a fixed value of A, ω NL /ω L tends to a fixed value with an increase in the value of m ( Figure 8B ). As seen in Figure 8B , an increase in compressive axial force increases the difference between nonlinear and linear frequencies, especially if the vibration mode shape (m) is near the buckling mode shape of FG nanobeams, which coincides with the fundamental mode shape of FG nanobeams. theory, the nonlinear free vibration of simply supported FG nanobeams resting on elastic foundation is modeled.
To consider material inhomogeneity, the simple power law distribution is used. In this work, the effects of different parameters such as stiffness of elastic foundation, power law index, small-scale parameter, precompressive axial force, radius of gyration, dimensionless initial deformation, and neutral axis location are investigated on the dimensionless fundamental frequencies of FG nanobeams and/or dimensionless nonlinear to linear frequency. In this study, the buckling and postbuckling behavior of FG nanobeams and the effects of neutral axis location and small-scale parameter on their buckling behavior are investigated as well. The results are summarized as follows:
1. The load-bearing capacity of FG nanobeams resting on elastic foundation fluctuates with the increasing aspect ratio, although the load-bearing capacity vs. aspect ratio curves gets flatter as the aspect ratio increases. 2. With an increase in the stiffness of elastic foundation, not only the load-bearing capacity of FG nanobeams increases but also the effect of small scale on the decrease of the critical buckling force increases. 3. With an increase in the small scale, the load-bearing capacity FG nanobeams resting on elastic foundation decreases and the buckling mode shape can change. 4. Although the stiffness of elastic foundation has a significant effect on the dimensionless fundamental frequency of FG nanobeams, their mode shapes will not vary if the preaxial compressive force is not large enough. 5. The effect of small scale on higher frequencies is more than the lower ones, although, with an increase in the aspect ratio, the effect of small-scale parameter loses its importance.
6. At a small value of radius of gyration, the effect of small scale on nonlinear to linear fundamental frequency completely depends on the value of the radius of gyration, and with an increase in the radius of gyration, this ratio decreases when small scale goes up. 7. The values of compressive axial force significantly affect the relationship between the nonlinear to linear fundamental frequency ratio and small-scale parameter in a way that, with a decrease in compressive axial force, the small scale loses its importance. 8. The effect of neutral axis location on the nonlinear fundamental frequency of prestressed FG nanobeams is more than that of prestressed FG nanobeams resting on elastic foundation. Table 4 : Percentage of computational error due to lack of consideration of the precise location of the neutral axis in FG nanobeams. 
